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Axisymmetric Vibration of Conical Shells
R. F. HARTUNG* AND W. A. LoDENf

Lockheed Polo Alto Research Laboratory, Polo Alto, Calif.

The axisymmetric modal properties (frequencies and mode shapes) of thin conical shell
frusta are studied to determine how they are influenced by the cone length, thickness, apex
angle, and boundary conditions. Shear deformation and rotatory inertia effects are not con-
sidered. In portions of the frequency spectrum, the cone is observed to vibrate vigorously at
the large end while the small end remains relatively quiescent. The paper contains numer-
ous graphs and illustrations obtained while examining some 3000 different configurations.
Results were obtained using a computer program based on a finite element analysis in which
the cone is treated as an assemblage of conical frusta. Details of the computer program are
not presented in the paper as they have been reported elsewhere.

Introduction

THE structural design of a typical aerospace vehicle re-
quires that the response of the vehicle to various mission-

dictated excitations be accurately predicted so that the
integrity of the vehicle and its contents can be assessed. To
this end, a thorough understanding of the natural modes of
the vehicle is extremely helpful, if not essential. The conical
shell is extensively used as a structural component in many
existing and proposed flight vehicles. Modal characteristics
of conical shells have been studied by numerous investigators
during the past ten years and computer programs are now
available which enable one to compute the modes of a wide
class of conical shells under general boundary conditions. An
excellent summary of this work is contained in the papers by
Hu1 and Kalnins.2 However, the principal contribution in
each of these past studies has been the development of mathe-
matical or numerical techniques for determining the modal
characteristics, rather than a comprehensive study of the
characteristics themselves. This paper presents results from
an extensive study of the effects of shell geometry and
boundary conditions on the axisymmetric modal characteris-
tics of truncated conical shells. The study utilized the
SABR1L computer code3 which is an extensively modified ver-
sion of the SABOR I computer code.4 These programs are
based on a finite-element method in which the shell is idealized
as an assembly of conical shell frustum elements which are
joined at nodal circles.

Discussion of Results

Figure 1 depicts a conical shell frustum. The semivertex
angle a, the length parameter L/A, and the thickness parame-
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ter A/H, were varied to determine their effects on the axisym-
metric modal behavior of the cone. Using the average cone
radius A as a nondimensionalizing factor, values of the length
parameter L/A are limited to the range 0 < L/A < 2 csca.
The maximum value of L/A corresponds to a cone which is
closed at its small end (i.e., a complete cone). Thin-shell
theory is of course not applicable near the apex of a complete
cone.

The SABR1L computer program used to generate the re-
sults of this study is based on Love's postulates and does not
include the effects of rotatory inertia, shear deformations or
transverse normal strains. Consequently shell modes such as
thickness modes and thickness stretch modes that depend on
the thickness coordinates are suppressed and only transverse
and longitudinal motions are predicted. Based on informa-
tion available for the spherical shell (see Ref. 5, Chap. 8), the
SABR1L analysis should give good results for modes whose
frequency co is well below the frequency of the first thickness
shear mode, that is

co < O.lcos (la)

In this expression cos may be approximated by the frequency
of the lowest axisymmetric thickness shear mode for an
infinite flat plate as obtained from an exact analysis within

Fig. 1 Typical conical shell frustum.
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Q 1

Table 1 Boundary conditions considered during the study

Fig. 2 Regimes on the frequency spectrum for a 60° cone.

the framework of the theory of elasticity. This frequency is
given by the expression

». = (x/#)[£/2p(l + M)F* (Ib)

where JJL = Poisson's ratio. For those modes which are pri-
marily membrane in nature, the SABR1L analysis appears to
give good results over an even broader range of frequencies
because shear deformation and rotatory inertia are primarily
associated with lateral deformation of the shell. The axi-
symmetric torsional modes were not considered. The five
sets of boundary conditions listed in Table 1 were examined.

When analyzing cones that are very steep (nearly cylindri-
cal), the concept of the "equivalent cylinder" is frequently
introduced. The equivalent cylinder is one having its radius
equal to the average radius of the cone and its length equal
to the meridional length of the cone. The modal properties
of the equivalent cylinder, which are relatively easy to obtain,
are then taken as approximations to those of the steep cone.
During this study, the validity of this approximation was ex-
amined.

Frequency Spectrum

Solutions to the linear differential equation system govern-
ing the axisymmetric free vibration of shells of revolution
generally separate into two distinct classes. Four of the solu-
tions are rapidly varying functions of the spatial coordinates
and involve primarily bending of the shell wall. These are
commonly referred to as bending solutions. The other two
solutions are slowly varying functions of position and involve
primarily stretching of the shell wall middle surface. These
are the so-called membrane solutions. However, in a recent
paper, Ross6 has demonstrated that the governing system of

Case
Boundary conditions

at r = 0
Boundary conditions

atr = L
1 w = 0, Mf = 0, Nf = 0 w = 0, Mf = 0, JVf = 0
2 w = 0, dw/d£ = 0, u = 0 w =0, dw/d£ = 0, w = 0
3 Mr = 0, N{ = 0, Qr = 0 Mr = 0, Nr = 0, Qf = 0
4 w =0 , d^/dr = 0, u = 0 Aff = 0, Nf = 0, Qf = 0
5 Mf = 0, JVf = 0, Qf = 0 ^ =0, d^/rff = 0, w = 0

equations contain points in the neighborhood of which the
solutions exhibit a strong interaction between bending and
stretching effects. These are referred to as transition or turn
ing points and they occur where

con
2 = E/pRf

In this expression con is the frequency of the nth normal mode,
p and E are, respectively, the mass density and
modulus of the shell, and R2 is the circumferential radius of
curvature as shown in Fig. 1. If a particular frequency lies
in the interval

< con
2 < (2)

where Ru and R2u are, respectively, the maximum and mini-
mum values of Rz, then a transition point will occur for a
value of R2 = [#/pojn

2]1/2 which corresponds to a point on the
cone. If un

2 < E/pRzi2 or con
2 > E/pR2u

2, then the transition
point occurs for a value of Ri which does not correspond to a
point on the cone.

In the following, we will discuss the frequency spectra for
axisymmetric vibrations of conical shells. In these spectra,
dimensionless frequency 0 = co/co0 is plotted as a function of
L/A for fixed values of a and A/H. The constant co0 is the
frequency of a ring of radius A vibrating extensionally in plane
strain

Wo = [E/pA*(l - M2)]1/2

It is convenient to divide the frequency spectra into three
regimes defined by Eq. (2) as follows:
Regime I :

12

Regime II :

Regime III :

cosa(l - M2)1/2/(l - L sma/2A) (3a)

(3b)

nu ,

cos<*(l - M2 sma/2A) (3c)

0.1 0.2

Fig. 3 Curves showing the effect of cone angle on the
quantities Ott and 111.

These regimes are illustrated for a 60° cone in Fig. 2. In
regime II, the transition point occurs for a value of R* which
corresponds to a point on the cone. In Fig. 3, the regimes
defined by Eqs. (3) are plotted as functions of L/A for various
values of the cone angle a. Note that 0M and 0* are inde-
pendent of the thickness parameter A/H.

Axisymmetric frequency spectra for cones with both ends
freely supported (case 1) and having semivertex angles of 5°,
45°, 60°, and 84° are shown in Fig. 4 for A/H equal to 20
and 500. For reference purposes, the frequency spectra for
the cylinder (a = 0°) and the annular plate (a = 90°) are
presented in Figs. 5 and 6. In all of these figures, the dimen-
sionless frequency 12 is plotted as a function of L/A for ap-
proximately the first ten modes. Where the frequency
curves intersect in Figs. 4-6, it was not possible to detect two
distinct eigenvalues with the techniques used in this study.
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Fig. 4 Frequency spectrum for a freely supported (case 1) cone frusta with A/H — 20 and 500, for each of four half-angles.

Mode shapes corresponding to the points labeled lOa through
lOg on the frequency spectra are shown as the corresponding
pairs in Fig. 7.

In the frequency spectra shown in Fig. 4, regime I contains
essentially two different families of curves. The modes cor-
responding to the steeper family involve primary lateral
motion (see Fig. 7a) and these are referred to as lateral modes.
Except in the vicinity of the I-II boundary, the character-
istics of these modes are very similar to those of the lateral
vibration of a uniform beam on an elastic foundation. As
predicted by beam theory, these lateral modes are very sensi-
tive to the thickness parameter and as the thickness increases
the bending portion of the spectrum tends to shift to the
right. For the modes that correspond to the other family of
curves, the motion is predominantly longitudinal with a very
small component in the lateral direction (see Fig. 7b). These
modes are referred to as longitudinal modes and are quite

insensitive to the thickness parameter. The characteristics
of these longitudinal modes are very similar to those for the
longitudinal vibration of a bar. It should be noted that
curves for the longitudinal modes do not appear on the fre-
quency spectra for the thin cones (A/H = 500) shown in Fig.
4, since the lower modes for these cones tend to be primarily
lateral.

In regime I there are "kinks" in the lateral curves in the
vicinity of the curve Op. In this portion of the frequency
spectrum the modes involve appreciable components of
motion in both the lateral and longitudinal directions (see
Figure 7c). In the limit as the cone angle approaches 90°,
the kinked portions of the spectrum merge to form the curve
Op as shown in Figs. 2 and 6 and complete decoupling of lateral
and longitudinal motion occurs as predicted by plate theory.
Note that the extent of regime I increases with cone angle
and that for a = 90° it occupies the entire spectrum.
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foundation.
Lowest mode for
axial bar vibration
• With lateral constraint
• Without lateral constraint

- m = Axial wave number
(Dashed lines denote asymptotes
as labeled)

Fig. 5 Frequency spectrum for a freely supported (case 1)
cylinder for A/H = 20.

As mentioned in the introduction, the effects of shear defor-
mation and rotatory inertia are not included in the analysis
used in this study. As a result, the analysis is unsuited for
studying portions of the spectrum where these effects are im-
portant. Portions of the frequency spectra shown in Fig. 4
which do not satisfy the criterion of Eq. (1) are shown as
dashed lines. In these regions, the effects of shear deforma-
tion and rotatory inertia should lower the frequencies.

It is in regime II that the novel feature of the modal be-
havior of the cone is exhibited. Here we find modes for
which the large end of the cone vibrates vigorously while the
small end remains relatively quiescent (see Fig. 7). In these
modes significant components of both lateral and longitudinal
motion are present, and the details of the mode shapes are
strongly influenced by the thickness parameter and the loca-
tion of the frequency within the regime. For thin cones
and/or small cone angles, the frequency curves tend to be
tightly spaced; while for thick cones and/or large cone
angles, they are more widely spaced. Regardless of cone
angle and thickness, the curves tend to run "parallel" to the
lower boundary of regime II. As a -> 0 regime II degener-
ates to the straight line 12 = (1 - ju2)1/2 while as a -> 90° it
degenerates to the line 12 = 0.

For the five sets of boundary conditions that have been
considered in this study, there are (with two exceptions) no
modes present in regime III for cone angles in excess of about
15°; and as a -*• 90°, the entire regime III disappears. As
a decreases from 15°, modes begin to appear until there are
infinitely many for the cylinder. All of these modes are pri-
marily longitudinal and are approximated by the modes of a

Fig. 6 Fre-
quency spectrum
for a freely sup-
ported (case 1)
annular plate
with A/H = 20.

b)

J^ v> <*-« ^j=
+1 -,

-1-

5°°M *11y \ L/A = 1.4

1

NIL
\J U-4o

20 & 500
f) O

Fig. 7 Selected mode shapes for various cones with geom-
etry as indicated. All are freely supported (case 1) except

part h which is clamped-free (case 4).

bar vibrating longitudinally without lateral constraint.
They are insensitive to the thickness parameter (see Fig. 7f).
The exceptional cases mentioned previously occur for freely
supported boundary conditions (case 1) and clamped-free
boundary conditions (case 4). For case 1 there exists a mode
which is most readily interpreted by recalling that the freely
supported cylinder can move axially as a rigid body with zero
frequency. Under these same boundary conditions however,
the cone has its axial motion constrained even though its longi-
tudinal motion is unconstrained since the directions of these
motions differ by the cone semivertex angle. For small cone
angles this constraint is small and a very low frequency axial
mode results in which most of the cone moves as a rigid body

a) 0

b) 0
-A /H=2O

L/A = 2 0

1 J(for A/H = 5CO, u<0.1)

" ' • • .20
•JL/A = 3 O-l

L/A = 4 0
(for A/H-500, u<O.C4)

20
44 L/A=6 :H

L/A = 8 0

,) L/A = 15 0

Fig. 8 Evolution of the third mode of a freely supported
(case 1) 5° cone as L/A is varied.
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with deformations occurring primarily in the immediate
vicinity of the supports (see Fig. 7g). For the 5° cone, the
frequency of this mode is too low to appear in Fig. 4, but for
increasing a'a up to 45°, this constraint increases and so does
the frequency. As the cone angle increases beyond 45° the
frequency begins to decrease until at 90° this mode becomes
the lowest bending mode for an annular plate. For given
values of the cone angle and L/A, the frequency of this mode
increases with increasing values of the thickness parameter.
Throughout the remainder of this paper, this mode will be
referred to as a "quasi-rigid body mode."

The other exception occurs for case 4, where there is a low
frequency "flapping mode" as shown in Fig. 7h. This mode
involves considerable amounts of both tangential and normal
motion.

Effect of Cone Length.

Figures 8 and 9 illustrate the evolution of the third mode as
L/A is varied for freely supported 5° and 45° cones, respec-
tively, for A/H equal to 20 and 500. The points labeled
alphabetically on the frequency curves (Fig. 4) correspond to
the mode shapes labeled similarly in Figs. 8 and 9. For the
5° cone with A/H = 20, the frequency curve for the selected
mode is well approximated by the frequency curve for the
equivalent cylinder when L/A is less than about 1.0. Figure
8a shows that for L/A = 1.0, this mode involves primarily
lateral motion, and the mode shapes differ only slightly from
the simple sine and cosine which prevail for the corresponding
mode of the equivalent cylinder. In Fig. 8b, we see that the
normal displacement curve has the node occurring at f/Z/ =
0.65 and that the amplitude of the right-hand wave is equal
to about 80% of the left-hand wave. Note that in moving
from point a to point b on Fig. 4a we have moved into regime
II, where the transition point corresponds to a point on the
cone and where coupling between normal and longitudinal
motion becomes significant. The location of the transition
point is indicated by a diamond (or large dot for the case
where A/H = 500) on the mode shapes shown in Figs. 8 and
9. In Figs. 8c-8e, the transition point moves toward the
right-hand side of the cone, concentrating the normal motion
there and causing the mode shapes to become increasingly
distorted. In Fig. 8f, where the transition point has moved
off of the right-hand end of the cone and we have entered

0 30 60 90
CONE ANGLE, a ~ DEGREES

Fig. 10 Frequency vs cone angle for the first five modes of
a freely supported cone (case 1).

regime III, the trend begins to change. While the normal
motion is still dominant and distorted, the longitudinal motion
becomes more significant and the mode shapes begin to re-
semble those of the equivalent cylinder again. In Fig. llg,
this new trend is further established until the longitudinal
motion is clearly dominant for L/A = 15 (Fig. 8h).

Figure 8 also shows the mode shapes for the 5° cone with
A/H = 500. For these cones, all modes that lie within
regime II show more distortion than was evident with the
thicker cones. Otherwise, the results are qualitatively the
same as those for the thicker cones.

Consier next the mode shapes for the 45° cone, shown in
Fig. 12. For the thin cone (A/H = 500), the modes for L/A
= 0.18, 0.2, and 0.3 all lie within regime I (see Fig. 4). For
L/A = 0.18 and 0.3, the motion is predominantly normal.
However, for L/A = 0.2, the frequency is nearly on the 12P
curve and as mentioned earlier, there is considerable coupling
between the normal and the longitudinal motion of the cone
as indicated by Fig. 9b. Note that in moving from Fig. 9a
to 9c, the mode shape has changed its form considerably. For
L/A = 0.8, we are now well within regime II and the dis-
torted mode shapes characteristic of this regime are clearly
evident in Figs. 9d-9g. For modes within regime II the large
end of the cone tends to move normal to the meridian while
the small end tends to move axially. This behavior is clearly
illustrated by Fig. 9g, where, for f/L = 0.6, both the normal
and longitudinal displacements are equal to about 0.06, but
they have opposite signs. Since a = 45°, this means that
the resultant motion is nearly axial. Finally, it should be
noted that the strongly longitudinal modes which were ob-
served in regime III for the 5° cone for larger values o^JJ/A,
are not present for the 45° cone.

0.1

0.05

MO_DE__NO._1O_.

MODE NO. 1

L/A = 2.0

——— A/H =500
—— _ A /H=2O

(for A/H = 500,u<0.06)

Fig. 9 Evolution of the third mode of a freely supported
(case 1) 45° cone as L/A is varied.

30 60 90
CONE ANGLE, a ~ DEGREES

Fig. 11 Frequency vs cone angle for the first ten modes of
a clamped-free cone (case 4).
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f1~l NOTE: For cases
where nothing is
plotted, u<0.1.

Fig. 12 Evolution of the third mode of a clamped-free
(case 4) cone with increasing cone angle.

Variation of Modal Properties with Cone Angle

Figure 10 presents plots of frequency vs cone angle for the
first five modes of a freely supported cone (case 1) with L/A
= 2 and for A/H = 20 and 500. Figure 11 shows similar
plots for the first ten modes of a clamped-free cone (case 4).
Both of these plots indicate a generally downward shift in the
frequency spectrum with increasing cone angle.} This effect
is most pronounced with the lower modes and tends to dis-
appear for progressively higher modes. The number of
modes that are significantly dependent upon the cone angle is
influenced by the thickness parameter A/H. Thus for the
clamped-free cone, Fig. 11 indicates less than 10% variation
in the frequency of the tenth mode for the entire range of a
when A/H = 20, whereas for the thinner cone (A/H = 500)
(there is a 90% variation in the frequency of this same mode
over the same range of a. For a given a, the spacing be-
tween successive modes tends to increase with increasing
thickness; for a given thickness, the spacing tends to increase
with increasing a.

The accuracy with which the cone frequencies are approxi-
mated by the frequencies of the equivalent cylinder depends
upon the cone angle as well as both the cone thickness and
the particular mode under consideration. For example, for
the freely supported cone with A/H — 20, the equivalent
cylinder frequency approximates the frequency of the second
cone mode to within 10% for cone angles up to 12°, while for
the fifth mode the approximation is even better for the entire
range of a. For the thinner cone with A/H = 500, the
equivalent cylinder approximation is good to within 10% up
to cone angles of about 9° for the second mode. For the fifth
mode, it is good to 10% for a < 15°. Regardless of thick-
ness, the lowest mode of the freely supported cone is never
well approximated by the lowest equivalent cylinder mode
inasmuch as the cylinder mode is a rigid body mode with zero
frequency.

For cases in which the cone is supported in the same manner
at each edge (cases 1,2, and 3), the frequency curves approach
a = 0° with a horizontal slope. On the other hand, when
each edge of the cone is supported in a different manner

I (for A/H = 50O, u<O.O7)

^20 = 0.6816

|207 <£»•
(for A/H = 500, u<0.07)

ft2o =0.5612
20—7 Q =04325/ 500 ~

(for A/H = 500, u< 0.07)
n2Q -0.4363

20 7 ^500^0-2913

(for A/H - 500, u< 0.06)
=0.2034

500 = 0.0678^

(for A/H=50O, u<O.O25
= 2O , u<0-05 )
Q20 =0.1782
ft«rno = 0.0071

0.5 1.0

J In Fig. 13, the lowest quasi-rigid body mode is an exception
to this statement.

Fig. 13 Evolution of the second mode of a freely-sup-
ported (case 1) cone with increasing cone angle.

(cases 4 and 5), the frequency curves approach a = 0° with a
finite slope (Figs. 10 and 11). The difference in behavior of
the frequency curves near a = 0° for different boundary con-
ditions tends to disappear for the higher modes.

For L/A = 2 and A/H = 500 and 20, the displacements
associated with the third mode of a clamped-free cone and the
second mode of a freely supported cone are shown, respectively,
in Figs. 12 and 13 for various values of the cone angle. The
frequency curves corresponding to these modes are contained
in Figs. 10 and 11. It is interesting to note how drastically
the mode shapes for the cone may differ from those of the
equivalent cylinder even though the frequencies of the cone
and the cylinder may be very close. In Fig. 13 we see that
for a = 3° and A/H = 500, the frequency of the cone and
the equivalent cylinder differ by only 2.26% whereas the
mode shapes of the two are considerably different. The dif-
ference between the mode shapes is even more striking in Fig.
12 where again for a = 3° and A/H = 500 the frequencies
differ by 4%. Figures 12 and 13 also illustrate that the
modal behavior of a very flat thin cone (a — 87° for example)
is very different from the modal behavior of an annular plate
(a. = 90°). In this case both the frequency and the mode
shape are significantly different.

Effect of Boundary Conditions

Most of the examples presented in this work involve cones
with freely supported boundary conditions. Similar studies
were made however for four other sets of boundary conditions
(see Table 1). With the exception of the first few modes
which are discussed in Ref. 7, no really significant differences
in the modal behavior of the cone are observed for the various
boundary conditions which were studied. In each case, the
frequency curves tend to begin in regime I for small values of
L/A where they are closely approximated by the frequency
of an equivalent cylinder. Then they move into regimes II
and III for the increasing values of L/A where differences
between the modes obtained for cones with different boundary
conditions tend to disappear.

Summary

This study of the axisymmetric modal properties of cone
angle, cone length, and cone thickness demonstrated that
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these spectra could be considered to consist of three regimes
defined by Eq. (3a-c). The character of any given mode is
strongly dependent upon which of these regimes its frequency
is contained in. A summary of the behavior of the cone in
each regime is given below.

Regime I

Basically there are two types of modes present: one in-
volves primarily bending of the shell wall, the other involves
primarily stretching of the shell wall. For frequencies near
that of the lowest in-plane vibration of an annular plate, a
third type of mode involving both bending and stretching is
present. The cone behaves very much like an equivalent
cylinder with radius equal to the average radius of the cone
and length equal to the meridian length of the cone. Fre-
quencies and mode shapes for the equivalent cylinder closely
approximate those of the cone. The effect of different boun-
dary conditions and thickness on the cone can be assessed by
examining their effect on the equivalent cylinder. As the
cone half-angle a increases from 0° to 90°, the size of regime I
increases until for 90° (an annular plate) it represents the
entire frequency spectrum. However, except for influencing
the size of the regime, a has little effect on the modes that lie
in regime I.

Regime II

The transition point in the differential equations of motion
corresponds to a physical point [s = s0 = A(l — /j2)1/2/0
tana] on the cone. The modes are characterized by lateral
motion at the large end (s > s0) of the cone and axial motion
at the small end (s < s0) of the cone. This phenomenon be-
comes more pronounced as the thickness of the cone is de-
creased. Even for very steep cones, these modes look quite
different than those for the equivalent cylinder. Changing
the boundary conditions at the large end of the cone has much
more effect on the modal behavior than changing the boun-
dary conditions at the small end. Increasing a tends to de-
crease the frequency of those modes contained in regime II.
For a given L/A, decreasing the cone wall thickness tends to
decrease the frequency of any given mode and to bring the
frequencies of successive modes closer together.

Regime III

The degree to which modes having frequencies in regime III
exist depends strongly on the cone angle and the boundary
conditions. For a > 15°, there are (with two exceptions)
no modes present in regime III for those boundary conditions
investigated during this study. The two exceptions occur
for the freely supported cone (case 1) where the quasi-rigid
body mode is present and for the fixed-free cone (case 4)
where flapping type mode exists. For a < 15°, modes for
which the motion is primarily longitudinal are also present.
The number of these modes increases as a is decreased until
for the cylinder (a = 0°) there are infinitely many. These
are well approximated by the equivalent cylinder. They are
nearly independent of the thickness and only slightly affected
by a. As a is increased from 0°, regime III decreases in size
until for 90° it completely disappears.

The preceding summary applies to modes well within each
of the regimes. Modes with frequencies that lie near the
boundary between two regimes, tend to possess characteristics
seen in each of these regimes.
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